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Section O-4 — Nonlinear Spectrum Theory of CUWF Operators 

 

Section O-4 develops the spectrum theory for CUWF operators under constraints that do not appear in 
classical Hilbert-space spectral theory. CUWF operators are nonlinear, depend explicitly on the entropic 

metric g_E, depend on E, ∇E, Hessian(E), and the DOF-connection, have state-dependent adjoints, are 
non-Lie and non-C*-algebraic, and are governed by the mixed-adjoint, non-unitary evolution operator 

ℰ_E. 

For these reasons, classical spectrum theory based on self-adjoint linear operators cannot serve as the 
foundation. O-4 therefore constructs a spectrum framework designed specifically for CUWF: nonlinear 
eigenvalue relations, entropic eigenfunctions, dual eigenfunctions, nonlinear resolvents, entropic 
spectral flow, multi-node spectral structure, and nonlinear spectral stability for collapse-flow dynamics. 

 

O-4.1 Definition of Nonlinear Spectrum in CUWF 

Given a CUWF operator X ∈ 𝒜_CUWF, define a nonlinear eigenpair: 

X(f) = λ(f) f 

Here the eigenvalue λ(f) depends on the eigenfunction. The equation is nonlinear in f, so the spectrum 
is an entropic spectrum rather than a fixed linear spectral set. 

σ_E(X) = { λ(f) : X(f) = λ(f) f } 

• λ(f) is a functional of E, ∇E, and g_E. 

• The spectrum changes when the entropic state E changes. 
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• Eigenvalue orthogonality is not guaranteed because the operator is nonlinear and non-Hermitian. 

• Left and right eigenfunctions generally differ. 

This is the CUWF counterpart of nonlinear spectral theory, defined on entropic geometry rather than on 
a fixed Hilbert-space background. 

 

O-4.2 Nonlinear Eigenvalue Equation for the CUWF Master Operator 

Recall the CUWF Master Operator: 

ℰ_E = A − αB + βC 

The nonlinear eigenvalue equation is: 

ℰ_E(f) = λ(f) f 

Expanding this relation gives: 

A(f) − α|∇E|² f + βD_DOF(f) = λ(f) f 

Thus: 

λ(f) = ⟨A(f), f⟩_{g_E} / ⟨f, f⟩_{g_E} − α⟨|∇E|² f, f⟩_{g_E} / ⟨f, f⟩_{g_E} + β⟨D_DOF(f), f⟩_{g_E} 

/ ⟨f, f⟩_{g_E} 

This nonlinear Rayleigh-like quotient defines the entropic eigenvalue. It measures curvature diffusion, 
gradient sharpening, and DOF drift in a single spectral quantity. 

 

O-4.3 Dual Eigenfunctions: Left and Right Nonlinear Spectrum 

Because ℰ_E is mixed-adjoint, the right and left eigenfunctions are not generally identical. 
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ℰ_E(f_R) = λ f_R 

ℰ_E†(f_L) = λ f_L 

f_L ≠ f_R 

Their coupling defines entropic duality: 

⟨f_L, f_R⟩_{g_E} ≠ 0 

• f_R represents forward-time entropic geometry. 

• f_L represents reverse-time adjoint geometry. 

• Their nonzero pairing measures how forward collapse-flow modes couple to reverse adjoint-flow 
modes. 

This dual structure is foundational for O-5 operator evolution and for later quantization-style constructions 
within CUWF nonlinear operator dynamics. 

 

O-4.4 Nonlinear Resolvent and Stability Structure 

Define the CUWF nonlinear resolvent: 

R_X(λ; f) = X(f) − λ(f) f 

In linear theory, resolvents are operators. In CUWF, resolvents are functionals of functionals because X, 

λ, f, and the metric structure all depend on E. 

δR_X(λ; f_R) = 0 

δ(X(f_R) − λ(f_R) f_R) = 0 
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Expanding this condition yields nonlinear stability equations involving metric variations, gradient-
geometry coupling, and DOF-fiber curvature variations. This gives the entropic spectral flow equation. 

 

O-4.5 Entropic Spectral Flow 

Define the spectral flow of X as E evolves: 

dλ(f(τ))/dτ 

Using the nonlinear functional chain rule: 

dλ/dτ = ⟨δλ/δE, ∂E/∂τ⟩ + ⟨δλ/δf, ∂f/∂τ⟩ 

Since CUWF evolution is: 

∂E/∂τ = −ℰ_E(E) 

we obtain: 

dλ/dτ = −⟨δλ/δE, ℰ_E(E)⟩ + ⟨δλ/δf, ∂f/∂τ⟩ 

This equation describes how the spectrum shifts as entropic geometry evolves. 

 

O-4.6 Multi-Node Nonlinear Spectrum 

For a multi-node system: 

X = [block operator matrix] 

f = (f₁, f₂, …) 

X(f) = λ(f) f 
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Blockwise: 

X_i(f_i) + Σ_{j≠i} X_{ij}(f_j) = λ(f) f_i 

• diagonal blocks represent self-curvature; 

• off-diagonal blocks represent entanglement curvature; 

• the spectrum becomes a nonlinear entanglement spectrum. 

 

O-4.7 Geometric Meaning of the CUWF Spectrum 

• spectrum ≠ QM energies; 

• spectrum ≠ GR curvature eigenmodes; 

• spectrum = entropic geometry shapes. 

• Low λ: stable collapse minima. 

• High λ: excited pre-collapse modes. 

• Degeneracies: multi-node resonance states interpreted as entanglement. 

The CUWF spectrum is therefore the eigenmode structure of entropic geometry. 

 

O-4.8 — Pseudo-Spectrum of the Linearized CUWF Operator 

Classical spectral theory studies eigenvalues of a linearized operator: 

L_{E0} = dX_E/dE |_{E0} 
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For CUWF operators, classical spectrum is insufficient because of non-self-adjointness, metric-
dependent adjoints, non-normality, and nonlinear residual terms ignored in linearization. 

L_{E0}L_{E0}† ≠ L_{E0}†L_{E0} 

O-4.8.1 Definition of CUWF Pseudo-Spectrum 

σ_ε(L_{E0}) ≡ { λ ∈ C : ‖(L_{E0} − λI)^{-1}‖_{g_E} > ε^{-1} } 

• eigenvalues capture true collapse-curvature modes; 

• pseudo-spectrum captures near-instability and enhanced-response modes; 

• pseudo-spectrum is essential when the operator is strongly non-normal. 

Small perturbations of E0 shift the metric, the operator, and therefore the pseudo-spectrum. The pseudo-
spectrum is the correct object for predicting tunneling thresholds, collapse instability, entanglement-
prone regions in M_N, and hidden DOF-instability. 

O-4.8.2 Geometric Meaning of CUWF Pseudo-Spectrum 

‖(L_{E0} − λ)^{-1} f‖_{g_E} ≫ ‖f‖_{g_E} 

• small entropic perturbations produce disproportionately large distortions; 

• collapse-curvature is near a bifurcation; 

• DOF-drift amplifies geometric noise; 

• adjoint-asymmetry drives tunneling-like shifts. 

Pseudo-spectrum therefore acts as a geometric amplification map. 

O-4.8.3 Relation Between Pseudo-Spectrum and CUWF Tunneling 

X_asym ≠ 0 
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• the pseudo-spectrum expands; 

• imaginary-axis components dominate; 

• tunneling thresholds correlate with pseudo-spectrum boundary. 

This provides the operator-theoretic formalization of quantum tunneling in CUWF. 

 

O-4.9 — Bifurcation Behavior of the CUWF Linearized Operator 

dE/dτ = −X_E(E) 

Bifurcations occur when linearization exhibits changes in stability due to spectral or pseudo-spectral 
shifts. CUWF bifurcations are nonlinear, metric-dependent, non-normal, adjoint-asymmetric, and defined 
on C × M_DOF. 

O-4.9.1 Curvature-Dominant A-Branch Bifurcation 

Re(λ_A) → 0⁻ 

• collapse minima become flat; 

• curvature balance becomes critical; 

• soft modes begin to emerge; 

• associated with pre-condensation geometry in CUWF cosmology. 

O-4.9.2 Gradient-Sharpening B-Branch Bifurcation 

α‖∇E0‖² dominates curvature 

• ridge formation; 
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• collapse-wall creation; 

• precursor to instability regions; 

• possible onset of entanglement-shift in multi-node systems. 

O-4.9.3 DOF-Connection C-Branch Bifurcation 

βD_DOF E0 

• DOF twist; 

• geometric fiber drift; 

• onset of cross-basin flow; 

• tunneling channels opening. 

This is the operator origin of entanglement deformation. 

O-4.9.4 Mixed ABC-Coupled Bifurcation 

Re(λ_A + λ_B + λ_C) = 0 

• collapse bifurcation; 

• multi-node entanglement onset; 

• tunneling thresholds; 

• chaotic-transition behavior in geometric flow. 

This is the CUWF analogue of Hopf, pitchfork, and saddle-node bifurcations, but driven by entropic 
geometry rather than polynomial nonlinearities. 
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O-4.9.5 Pseudo-Spectral Bifurcation: Non-Normal Transition 

Even if true eigenvalues remain stable, with Re(λ) < 0, the pseudo-spectrum may cross into the unstable 
half-plane. 

• transient amplification; 

• collapse spikes; 

• tunneling-triggered transitions; 

• metastable CUWF states. 

Pseudo-spectral bifurcation is CUWF-specific because metric-induced non-normality is physically active 
rather than merely a numerical artifact. 

 

O-4.10 Summary of Section Purpose 

• nonlinear eigenvalues λ(f); 

• functional spectrum σ_E(X); 

• dual eigenfunctions; 

• nonlinear resolvents; 

• spectral flow; 

• multi-node spectrum; 

• geometric interpretation. 

This completes the spectral foundation for O-5 evolution theory and O-6 stability, pseudo-spectrum, 
resolvent geometry, and multi-node entropic stability. 


